We give an analytic formula for the double distribution of hadronic invariant mass and charged lepton energy to one-loop order of the perturbative QCD. Although infrared singular, this quantity is closely related to physical observables that can be obtained thereof through proper convolution.
Introduction
Today, the interest in bottom meson decays has never been stronger. Of those, the semileptonic kind are particularly fit for precision measurements of the Standard Model parameters such as the Cabibbo-Kobayashi-Maskawa matrix elements |V cb | and |V ub | [1, 2] or the quark masses. The theoretical predictions rely on perturbation theory as well as the effective theory of heavy quarks [3, 4, 5, 6] for inclusion of QCD effects. The present techniques are able to provide successful description of the semileptonic decays and it has been known that significant contributions to the B decays come from both perturbative [7, 8, 9, 10, 11] and nonperturbative [12, 13, 14] corrections.
In this paper, we give the one-loop perturbative correction to the double differential distribution in terms of the hadron system mass and the charged lepton energy. The masses of the final particles are set to zero throughout the present calculation.
The double differential distribution contains an explicit dependence on the fictitious gluon mass as it must due to the infrared singularities present both in the virtual and the real radiation corrections. It is not until after one integrates over the invariant mass of hadrons that the apparent divergence cancels to leave a finite, measurable result. The distribution we give can be integrated over any desired range of the hadronic mass to yield an experimentally valid quantity. Hence, arbitrary cuts on the hadronic mass may easily be imposed.
The result we obtain is consistent with the published formulae for the single differential distribution in both variables considered. In particular, we have checked they agree with the charged lepton energy distribution, first published by Jeżabek and Kühn [7] , and the hadronic mass distribution, as found in [11, 15] .
Kinematics

Variables
In our treatment of the decay of a B meson, we need to consider both three-and four-body final states. The latter includes a gluon radiated by the initial or final quark. Denote the four-momenta of the involved particles as Q, q, l, ν, G for the b quark, final state quark, electron, neutrino and gluon, respectively. Also define the hadronic four-momentum P = q + G. We are working in the rest frame of the B meson, which in the present approximation reduces to that of the b quark.
The variables we use are x for the electron energy, t denoting the invariant mass of the leptons, and z for the invariant mass of the hadron system, all scaled according to the following formulae:
with m b the bottom quark mass. Also we will use the scaled masses of the gluon and the final u quark, which both pop up in the intermediate formulae in the course of calculating the contributions from three-and four-body processes.
The system of the quark in the final state and the real gluon is described by the following quantities:
where P 0 (z) and P 3 (z) are the energy and the length of the momentum vector of the system in the b quark rest frame, and Y p (z) is the corresponding rapidity. Similarly for the virtual boson W :
Kinematically, the three body decay is a special case of the four body one, with the four-momentum of the gluon set to zero, thus resulting in simply replacing z = ρ. The following variables are then useful:
Kinematical boundaries
The electron energy may vary within the range of
while for a fixed value of x, the allowed interval of z is
On the other hand, without fixing x, the hadronic mass may vary as
and then the following boundaries on x are found for a specified z:
Given values of x and z, the intermediate boson invariant mass t varies within the following limits,
Evaluation of the QCD corrections
The differential decay rate for the process b → u lν l can be written as
where
stands for the Born approximation,
comes from the interference between the virtual gluon and Born amplitudes, and
is due to the real gluon emission. The Lorentz invariant n-body phase space is defined as
Three-body contributions
The Born approximation is evaluated according to (20) with the matrix element
and the Dalitz parametrization of the phase space,
Subsequently, the dot products appearing in M 0,3 are put in terms of the variables x and t,
which readily yields the double differential distribution. On integration over t the latter yields the Born approximation to the electron energy spectrum (see Eqs. (39,41) ).
The virtual correction is calculated along the same lines, now with the matrix element
substituted into (21). In (27), the form factors are as follows,
Integration over the invariant mass of the intermediate W boson gives the desired contribution to the double differential distribution,
where we have denotedx
While we present the decay rate assuming massless final particles, it is not possible to eliminate the final quark as well as gluon mass dependence out of the matrix element alone. This is removed once the integrated real radiation term is added.
Four-body contributions
The four-body phase-space is decomposed as follows:
Discarding terms vanishing along with the gluon mass λ G → 0, the matrix element representing the real gluon radiation may be written as
We refer the reader to [9] for the details of the integration that leads to the triple differential rate in terms of x, t and z. This rate is conveniently split into terms according as they are infrared convergent or divergent. Hence we can write,
This expression is subsequently integrated over t. The infrared finite part has been integrated with the help of FORM. The formulae obtained in this way suffer from infrared and collinear divergences. Thence the gluon and final quark masses subsist as regulators in spite of the limit we have taken. Of course, both remnant dependences vanish after the integration over the hadronic system mass is performed, which involves summing the virtual and real contributions.
Results
The first order QCD corrected double differential decay rate can be written in the form,
where the first term on the right hand side is the Born approximation, given by
while
and
The above formula is easily integrated over either of the variables to give the single differential distributions in hadronic system mass or charged lepton energy. Then expressions confirming previous calculations [7, 11, 15] are found. The evident singularity of this distribution disappears after integration over the hadronic system mass. That this indeed is so, can be seen by expressing it in terms of the following distributions,
log z z
The substitution of these to Eqs.(42,43) results in the formal identification,
Upon application of Eqs. (46,47) to the correction terms, the latter take on the following form:
Clearly, the gluon mass does not enter the integrated distribution, defined as
for which we obtain,
The coefficients c 1 to c 9 are as follows, 
Summary
One-loop QCD correction has been found to the electron energy and hadronic system mass double distribution in semileptonic B decays. The result has not been published before. It agrees with the known single dis-tributions in both variables. Although infrared singular, it is of use for experimental analysis with appropriate cuts imposed.
